In this work we present a closed form expression for Polyakov blocks in Mellin space for arbitrary spin and scaling dimensions. We provide a prescription to fix the contact term ambiguity uniquely by reducing the problem to that of fixing the contact term ambiguity at the level of cyclic exchange amplitudes -defining cyclic Polyakov blocks -in terms of which any fully crossing symmetric correlator can be decomposed. We also give another, equivalent, prescription which does not rely on a decomposition into cyclic amplitudes. We extract the OPE data of double-twist operators in the direct channel expansion of the cyclic Polyakov blocks using and extending the analysis of [1, 2] to include contributions that are non-analytic in spin. The relation between cyclic Polyakov blocks and analytic Bootstrap functionals is underlined.
The problem and its resolution
The simplest solutions to the crossing equation in Conformal Field Theory (CFT) that are single-valued in in the Euclidean region are given by tree-level exchange amplitudes in the dual anti-de Sitter (AdS) space, which have come to be known as Polyakov blocks [3] . It is well known that it is possible to bootstrap the Witten diagram for the exchange of a field with spin-and mass m 2 R 2 = ∆ (∆ − d) − simply by requiring [4] [5] [6] [7] : Crossing symmetry, the presence of a conformal block with scaling dimension ∆ and spin in the OPE decomposition and Euclidean single-valuedness. This bootstrap problem is however subject to an ambiguity that is parameterised by solutions to crossing with finite support in spin. These are in oneto-one correspondence with bulk contact terms which, for spinning internal legs, have a better Regge behaviour than the full exchange solution itself. Naively one might expect that there does not exist a canonical choice of contact terms for Polyakov blocks. The presence of this ambiguity however poses a technical problem for the implementation of the Polyakov bootstrap [8, 9] , which is related to the fact that a given choice for the contact terms might not be compatible with convergence of the corresponding expansion in Polyakov blocks. Although this problem is expected to be technical in nature, since solutions to crossing are not subject to such ambiguities, it is imperative that it is resolved. So far a complete satisfactory solution valid in general dimensions has not been found. 1 In this work we propose a prescription for the contact term ambiguity, which is motivated by flat space scattering amplitudes and string theory. As we shall demonstrate in the following, our prescription allows to uniquely fix the entire contact term ambiguity in a simple manner.
Let us consider the analogous problem in flat space at tree-level. In string theory, a related problem would be to decompose the Shapiro-Virasoro amplitude into crossing symmetric building blocks where P n, (s, t, u) is the crossing symmetric sum of exchanges for a string excitation of spin and mass parameterised by the Regge trajectory n, which is symmetric in the Mandelstam invariants s, t and u. 2 In particular:
We see that, contrary to the full Shapiro-Virasoro amplitude, a single crossing symmetric building block is not well behaved in the Regge limit s → ∞ and t fixed. We are therefore still free to add contact terms to P n, (s, t, u) that are polynomials of degree − 1 in s, t and u, which do not modify its leading Regge behaviour. The above decomposition problem is therefore ambiguous at best.
While at the level of the full Shapiro-Virasoro amplitude a resolution to this problem appears unclear, it is instructive to consider open String Theory where the natural crossing symmetric object is given by the Veneziano amplitude. The key observation is that a given cyclicly-ordered Veneziano amplitude, say,
is crossing symmetric only with respect to two channels, in this case t and u, so that we may consider a decomposition into cyclic exchange building blocksP n, (s|t, u) which are crossing symmetric with respect to those channels:
a n, P n, (s|t, u) . (1.4) Contrary to the fully crossing symmetric building blocks (1.2), the cyclic building blocks can be fixed by the requirement that they are suppressed in the Regge limits t → ∞ or u → ∞ at fixed s, meaning that the residues of the poles in t and u are functions of s only: P n, (s|t, u) = #s + . . . α t + 2(1 − n) + #s + . . . α u + 2(1 − n)
. (1.5) With this prescription, we are setting to zero any additional contact terms polynomial in t and u, which would not be suppressed in the above pair of Regge limits. Furthermore, under these boundary conditions, the residues are uniquely fixed by factorisation in terms of flat space partial waves. This gives an unambiguous definition of the cyclicly-ordered crossing symmetric blocks (1.5), from which a unique fully crossing symmetric building block with respect to the s-, t− and u-channels can be obtained by summing over all orderings. The above solution for the contact term ambiguity in flat space can be naturally extended to AdS d+1 by working in Mellin space. It has been argued [12] [13] [14] that the AdS analogue of the flat space scattering amplitude is the so-called Mellin amplitude M(s, t), which is defined as the Mellin transform of the CFT correlation function,
where u and v are the usual cross ratios and, for external operators with equal scaling dimension ∆, we have 3
(1.8) 3 For generic external legs of twist τi, this reads:
The Mellin variables s and t are analogues of the Mandelstam invariants in flat space, where s + t + u = 2∆. 4 The exchange of a spin-field, say, in the s-channel takes the following simple form [5] 
.
(1.9)
Similar to flat space exchanges, the exchanged single-particle state corresponds to single poles in the Mellin variable t, whose residues are given by the kinematic polynomials of degree in the Mellin variable s, Q τ, |m (s) = s + O s −1 . These are reviewed in Appendix B and are fixed by factorisation. The function p −1 (s, t) is a polynomial of degree − 1 in the Mellin variables s and t and parameterises the contact term ambiguity. In particular, such a polynomial does not modify the leading behaviour of the exchange (1.9) in the Regge limit s → ∞ and t fixed 5 and corresponds to the freedom to add on-shell vanishing terms (also known as improvements) to the cubic couplings. Given the similarities between Mellin amplitudes and flat space amplitudes, we can immediately extend the prescription for the contact ambiguity in flat space to AdS. Accordingly, one considers cyclicly ordered exchange amplitudes E
in AdS where, working with unequal external legs, the full crossing symmetric exchange amplitude reads
with the usual trace factor. The case of identical external legs is associated to the singlet sector of the colour group. For odd spins , the s-channel exchange reads:
while for even spins we have:
so that the cyclic exchange amplitudes are given in terms of the s-, tand u-channel exchanges as:
These are the AdS analogues of the flat space cyclic building blocks (1.5). To make the connection with the flat space analysis more transparent, it is convenient to define the following canonical Mellin variables:
where S + T + U = 4∆, which have the property of being mapped into each other under crossing. In terms of these, the cyclic exchange amplitudes can be expressed in the following compact form:
where the residues of the single poles are a function of a single Mellin variable. The contact term ambiguity is parametrised by a symmetric polynomial
The contact term ambiguity can thus be fixed uniquely by requiring that each cyclic exchange amplitude is suppressed in the corresponding pair of Regge limits, 6 just like in the flat space analysis. This condition is satisfied by the single pole terms, but clearly violated by a non-trivial p −1 (X, Y ) which must therefore be set to zero. With this prescription, the cyclicly ordered Polyakov blocks are given unambiguously by: 7
Unique Cyclicly Ordered Polyakov Blocks.
from which a unique fully crossing symmetric Polyakov block is obtained by summing over all orderings as in equation (1.10). Since each cyclic Polyakov block is well-behaved in the corresponding Regge limits, the decomposition of any crossing symmetric amplitude in terms of these building blocks is well defined.
Let us emphasise that the case of identical external legs is trivially captured by the singlet sector of the colour group, where the unique fully crossing symmetric Polyakov block is simply given by:
(1.17)
In section 2 we show how the contact term ambiguity in this case can also be equivalently fixed without having to introduce cyclicly ordered exchange amplitudes, by identifying universal terms in exchange diagrams which are polynomial in the Mellin variables but cannot be removed by adding contact terms. That the corresponding Polyakov blocks are equal to those (1.17) obtained by introducing cyclic exchange amplitudes as above proves that CFT correlators admit a well defined decomposition in terms of Polyakov blocks identified in this alternative way.
Having provided an unambiguous definition of Polyakov blocks, in section 3 we derive their conformal block decomposition and the corresponding OPE data of double-twist operators. In the process we clarify some computational subtleties in extracting the contributions to the OPE data of low spin double-twist operators. We furthermore show that the cyclic Polyakov blocks (1.16) can be regarded as generating functions for analytic Bootstrap functionals, so that our prescription to uniquely fix cyclic Polyakov blocks translates into a prescription to define analytic Bootstrap functionals in general d.
Various technical details and definitions are relegated to the appendices.
Note added: In the final stage of preparing this draft we became aware of the work [15] , presenting results in partial overlap with ours. However, our general explicit result (1.16) for the Polyakov blocks and the approach to obtain them are new. In [15] explicit examples of unique Polyakov blocks were constructed in the = 0 and = 1 cases. M.T. thanks X.Z. for discussions in spring 2019, in which some aspects of our results were communicated. The recent interesting work [16] fixes the contact term ambiguity in CFT 1 .
An alternative derivation for identical external legs
Starting from the Mellin representation (1.9) of an s-channel exchange, one can easily generate the corresponding crossing symmetric solution by adding up the different channels. To this end, it is useful to introduce operations that interchange the external legs of a given correlator, which at the level of the Mellin amplitude correspond to the following transformations:
With the above operations one can define various projectors. The simplest are the projectors onto the symmetric and anti-symmetric part of the s-channel amplitude under the exchange of the legs 1 and 2 or 3 and 4
These distinguish even and odd spins since odd-exchanges are anti-symmetric and even-exchange are symmetric. We can also define an operation which takes a function f (s, t) and generates from it a crossing-symmetric object:
The above operation can then be used to define additional crossing symmetric projectors as composition of C, S and A. For identical external legs the full crossing symmetric exchange amplitude E τ, (s, t) is completely symmetric under any permutation of the external legs. It is therefore generated from the s-channel exchange (1.9) by symmetrising the two pairs of external legs 12 and 34 with S, then applying C:
This operator moreover organises polynomials in s and t that can appear in the exchange amplitude into two types:
1. Polynomials in the image of C • S, where each Eigenvector corresponds to a solution of the crossing equation that has finite support in spin i.e. a contact amplitude. The contact term ambiguity is precisely the freedom to add such Eigenvectors up to degree − 1 in s and t to the exchange amplitude.
2. Polynomials that belong to the kernel ker C • S instead do not correspond to contact amplitudes. As we shall see explicitly, they are a universal feature of exchange solutions to crossing, which means that such polynomials cannot be removed by the freedom to add contact terms.
The operation C • S therefore conveniently disentangles the contact term ambiguity from exchange solutions to crossing. It therefore provides a minimal way to fix the contact term ambiguity, by requiring that all polynomial terms in the exchange amplitude (2.4) belong to ker C • S. To explore how this condition is implemented, let us for the moment set the polynomial p −1 (s, t) in the s-channel exchange (1.9) to zero -which we are free to do whilst the contact term ambiguity is unfixed. The corresponding crossing symmetric exchange amplitude is:
5)
where we recall that s + t + u = 2∆. Let's consider the contributions in the direct channel expansion. In Mellin space (1.6), these are encoded in the poles of the Mellin variable t that lie to the right of the integration contour. From the Mellin exchange amplitude E τ, (s, t) we have only the single poles at t = τ + 2m, which are:
These originate from the principal part of the Laurent expansion of the first two terms in the summand of (2.5) and encode the primary (m = 0) and descendent (m > 0) operator contributions dual to the spin-field in AdS exchanged in the s-channel.
On top of the above single-trace contribution, the function ρ(s, t) in (1.6) has an infinite number of double-poles at t = 2∆ + 2n, n = 0, 1, 2, 3, ..., corresponding to contributions from Regge-trajectories of double-twist operators of spin = 0, 1, 2, 3, . . .. These contributions come in two types:
1. Contributions analytic in spin originate from the single poles in the remaining Mellin variable s in the Mellin exchange amplitude E τ, (s, t), which are the two families:
corresponding to the exchange of twist τ primary operators (+descendants) in the crossed channels. The corresponding terms in the Mellin amplitude (2.5) read
which are the sum of the principle parts of the Laurent expansions around the poles (2.7) in s. These terms are suppressed in the Regge limit s → ∞ and t fixed since s only appears in the denominator. The corresponding OPE data is thus analytic in spin down to spin = 0.
2. Terms non-analytic in spin correspond to polynomials in the Mellin variable s. These can be written down explicitly and can be divided into two types: A term that is polynomial in s but singular in t,
and a term that is polynomial in both s and t,
. (2.10)
We remind the reader that the above expressions are assumed to be evaluated on one of the double-trace poles t = 2∆ + 2n. Notice that only p τ, |m (s|t) is a polynomial of degree in s while q τ, |m (s|t) is a polynomial in s of degree − 1.
The contact term ambiguity arises because the full crossing symmetric exchange amplitude (2.5) is unbounded in the Regge limit, where the leading behaviour for s → ∞ and t fixed is given by the degree polynomials p τ, |m (s|t) which are determined by the residues of the single-trace poles (2.6) in the direct channel. One is therefore allowed to add crossing symmetric polynomial terms p −1 (s, t) of degree − 1 or less to q τ, |m (s|t), i.e. q τ, |m (s|t) ∼ q τ, |m (s|t) + p −1 (s, t), which is discussed in detail in Appendix C.
As discussed above, a minimal prescription to fix the contact term ambiguity is to require that:
This is precisely the case for the q τ, |m (s, t) in (2.5) corresponding to our initial choice:
Any other choice of contact term would violate the condition (2.11), which makes clear that it is a universal contribution to exchange amplitudes. With this prescription, the Polyakov block for identical external legs is thus given unambiguously by (2.5) . It is immediate to check that this is identical to the Polyakov block (1.17) singled out by the requirement that the cyclic exchange amplitudes (1.15) are suppressed in the Regge limit, so that the two prescriptions are equivalent in the case of identical external legs. The prescription defined at the level of the cyclic exchange amplitudes in section 1 is however more general, as it also applies in the case where the external legs are unequal. The cyclicly ordered Polyakov blocks (1.16) should therefore be regarded as the minimal building blocks of crossing symmetric solutions. In the following section 3 we shall determine the conformal block expansion of the cyclicly ordered Polyakov blocks (1.16) in the direct channel. To this end, for each cyclic exchange amplitude (1.15) it is convenient to separate the pole and polynomial parts in s as we did for the exchange amplitude (2.5) above which, respectively, identify the terms which generate analytic and non-analytic contributions in spin of the double-twist operators. Starting with E (1234) τ, (s, t), and writing
we obtain: 
is a polynomial of degree − 1 in the variable s (and t) and A where now the degree − 1 polynomial in s reads:
and we have also introduced the t-channel principal part A we have: where now the term of degree in the Mellin variable s is absent while the degree − 1 polynomial in s is entirely given by the polynomial p −1 (X, Y ) parametrising the contact term ambiguity:
We give a few comments about the above decompositions below:
• The kinematic polynomials Q τ, |m (s) satisfy the following identity:
This implies that there are only two independent meromorphic terms in s that appear in the cyclic amplitudes. These are associated to the principal parts A (t) τ, |m (s|t) and A (u) τ, |m (s|t) in the Laurent expansion of the t and u channel exchanges in s, respectively. In the case of equal external scaling dimensions dimensions ∆, both t and u channel contributions give OPE data in the direct channel which are equal up to a sign (−1) (see e.g. [2] ).
• The identity (2.19) moreover implies that the universal degree-polynomials in s, giving the leading behaviour of E (2.20)
• In E
τ, |m (s, t) the only polynomial contribution in s is entirely proportional to p −1 (X, Y ). This implies that the contact term ambiguity p −1 (X, Y ) parameterises the non-analyticity in spin of the conformal block decomposition of E (1423) τ, |m (s, t) in the direct-channel. Fixing p −1 (X, Y ) = 0 is equivalent to requiring that the conformal block decomposition of E (1423) τ, |m (s, t) in the direct-channel is analytic in spin up to spin zero. In fact, with the prescription (1.16), for each cyclic amplitude there is always one channel in which the corresponding OPE decomposition is analytic up to spin = 0!
Conformal block decomposition of Polyakov Blocks
Having uniquely fixed the Polyakov blocks, in this section we determine their conformal block decomposition in the direct channel, extracting explicit expressions for the OPE data. In section 3.2 we discuss the relation between the cyclic Polyakov blocks (1.16) and analytic bootstrap functionals.
Conformal block decomposition
The conformal block decomposition of the cyclicly ordered Polyakov blocks in the direct channel takes the form: (s, t). All cyclic Polyakov blocks have contributions from families of double-twist operators, which are generated by the two families of poles at t = τ 1 + τ 1 + 2n and t = τ 3 + τ 4 + 2n in the Mellin measure ρ τ i (s, t) given explicitly in (1.8) . For the moment we have assumed that the external twists are unequal. When the external twists are equal the two families of double-twist poles coincide, generating anomalous dimensions, which can be obtained by carefully taking the limit of the above decomposition as we shall see below.
The coefficients a • n, |τ, and b • n, |τ, can be extracted systematically from the expressions (1.16) for the cyclic Polyakov blocks in Mellin space, using that the kinematic polynomials Q τ, |m (s) with m = 0 are orthogonal [5] , being proportional to so-called Continuous Hahn polynomials Q (τ,τ +τ 1 −τ 2 −τ 3 +τ 4 ,−τ 1 +τ 2 ,τ 3 −τ 4 ) (s) which are orthogonal with respect to the measure (3.4) (see appendix B). This is detailed in [1] . In particular, one can always reduce the problem of extracting conformal block coefficients in a given channel to that of extracting the coefficient of the leading twist contribution, which can be obtained through the inversion formula [1] :
2)
where τ min is the lowest twist appearing in the direct channel expansion of a correlator with Mellin amplitude M(s, t),
and measurẽ
It is convenient to introduce the following one parameter family of inner products:
5)
defined on functions of a single Mellin variable s. In this way the coefficients a n, and b n, in the conformal block expansions (3.1) can be expressed as the following functional action:
6) where the superscript (n) indicates the projection operation:
introduced in eq. (5.30) of [1] , which projects away all contributions from operators with twist τ i min up to τ i min + 2(n − 1), while the superscript i labels the minimum twist which can be either τ 1 + τ 2 or τ 3 + τ 4 . Equipped with the above definitions, the conformal block decompositions (3.1) are given by:
and what remains is to evaluate the inner products (3.6) . Without loss of generality we shall focus on the cyclic exchange amplitude with • = (1234). We shall be particularly interested in the case where the scaling dimensions of the external operators are equal, τ i = ∆, where the double-twist operators appearing in the conformal block decomposition (3.1) receive anomalous dimensions γ n, |τ, . These are given by the coefficient of the derivative of the corresponding double-twist conformal block with respect to the twist, which appear in the limit where the external scaling dimensions coincide. This can be seen by taking τ i=1,2,3 = ∆ with τ 4 = ∆ + in (3.1) and expanding in . Both a n, |τ, ( ) and b n, |τ, ( ) have simple poles in and their expansion around = 0 takes the form: 8 a n, |τ, ( ) ∼ a
n, is the Mean Field Theory OPE coefficients [17, 18] a (0)
so that for equal external scaling dimensions ∆ we have
n, γ n, |τ, 2 ∂g 2∆+2n, (u, v) , (3.11) where ∂g ≡ ∂ τ g τ, represents the additional basis element needed to have a well-defined expansion in this case. As before the corresponding coefficients can be expressed as functionals acting on the Mellin representation of the cyclic exchange amplitude, , which can be recognised from the expression (2.13):
1. Analytic in spin OPE data is generated by the single poles in the Mellin variable s and is given by
These OPE data, which is analytic in spin down to spin = 0, was extracted in [2] using the approach outlined above, where they were expressed in terms of Wilson functions, 9 which ensures that analyticity in spin is manifest. 10 2. Non-analytic in spin contributions for spin = come from the universal polynomial terms p 
To the best of our knowledge, the above result is new and reduces to the result of [7] obtained by through a case by case study tuned to τ = 2 and d = 4. One can similarly extract the corresponding OPE coefficientsā n, |τ, +b n, |τ, and we give some examples below. 9 Wilson functions can be expressed in various convenient ways, for instance: as a "very well poised" hypergeometric function 7F6, a combination of 1-balanced hypergeometric functions 4F3, or in terms of integrated products of Gauss hypergeometric functions 2F1.
In the examples below we shall employ the latter representation. 10 As a word of caution, this is contrary to some other expressions available for some of these data in the literature. 
Non-analytic in spin contributions
where the coefficients c (0) m are defined in (A.7). In the following we focus without loss of generality on extracting the OPE data of E 1234 τ,0 in the direct channel. Let us first consider contributions (3.13) to the OPE data that are analytic in spin. For the anomalous dimensions of the double-twist operators, the corresponding inner product was already evaluated in [2] and for those operators with leading twist 2∆ (i.e. n = 0) it reads:
where we employed the representation of the Wilson function given by an integrated product of two Gauss hypergeometric functions (see equation (2.29) of [2] ). This expression is analytic in spin down to = 0.
In a similar way one can obtain the corresponding double-twist OPE coefficients in (3.11): Figure 1 : Plot of γ 0, |τ,0 = γ anal. 0, |τ,1 + γ n.-a. 0, |τ,0 for d = 3, ∆ = 2 and varying τ along the x axis. In blue we have = 0, in orange = 1 and in green = 2. We see that for > 0, where there are only the analytic in spin contributions (3.20) , γ 0, |τ,0 is always positive and has double zeros at double-twist values of τ . For = 0 there is also a non-analytic contribution (3.16) , so that the full anomalous dimension γ 0, |τ,0 also has single zeros at some double-twist values of τ .
which, like the anomalous dimensions (3.20), we expressed as an integrated product of Gauss hypergeometric functions. 11 We also introduced the coefficient Ξ , which reads:
To the best of our knowledge, this result for the analytic in spin double-twist OPE coefficients is new. For = 0 the above analytic in spin OPE data receives a correction from the contributions (3.14) with finite support in spin. The correction to the anomalous dimension (3.20) was given in (3.17) . In figure 1 we plot the full anomalous dimension γ 0, |τ,0 = γ anal. 0, |τ,1 + γ n.-a. 0, |τ,0 as a function of τ for some fixed values of ∆, d and .
The correction to the OPE coefficient (3.21) is instead given by:
11 While in general the OPE coefficients (3. 
Although in the above we focussed on the OPE data of the double-twist operators with n = 0, results for the full family of double-twist operators for general integer n ≥ 0 can be obtained in a similar way using the techniques developed in [2] , which we briefly reviewed around equation (3.6) .
Vector exchange = 1. For exchanges of odd spin, only when the external scalars carry colour indices is the fully crossing symmetric Polyakov block (1.10) non-vanishing. The cyclic Polyakov blocks for = 1 read:
τ,1|m (s,t)
where, as in (2.13), we separated the polynomial terms in the Mellin variable s from the single poles. As before, without loss of generality we focus on extracting the OPE data from E (1234) τ,1 in the following. We first consider the analytic in spin OPE data. Such contributions to the anomalous dimensions of the double-twist operators were already extracted in [2] , where for the leading twist (n = 0) operators we have
As for the scalar exchange we employed the representation of the Wilson function given by an integrated product of Gauss hypergeometric functions. It's important to note however that there is a technical subtlety in using this representation for = 1 and = 0 which is that, while this representation is manifestly analytic in spin, setting = 1 and = 0 does not commute with the integral over y owing to the zeros of the functions a 1 ( ) and a 2 ( ) at these values which are compensated by the divergence of the integrand as y ∼ 1. This can be resolved by integrating by parts, in particular using the identity
which is valid for k, ∈ N and k > and where we have assumed that f (q) (0) = 0 which can always be ensured by choosing τ large enough. For = 1 we obtain
and for = 0:
On top of the above analytic in spin contributions to the anomalous dimensions, we must also include the non-analytic correction for = 1 and = 0. For = 1 this was given in (3.15) . For = 0 it is:
where for concision we expressed the result in terms of the correction for = 1, given by (3.15) .
Spin-2 exchange = 2. In this case the analytic in spin contribution to the anomalous dimension of the leading (n = 0) double-twist operators reads [2] : 
As for the vector exchange considered in the previous example, while this expression is manifestly analytic in spin, extra care needs to be taken for = 0, 1, 2, 3 where the functions a 1 ( ), ..., a 4 ( ) have zeros which are compensated the divergence of the integrand as y ∼ 1. As before, this issue can be removed by integrating by parts (3.28). For = 0, 1, 2, 3 we need to add the following boundary terms:
For ≤ 2 the above analytic in spin contributions to the double-twist anomalous dimensions receive a non-analytic correction. For = 2 this is given by (3.16) . For = 1 we have
where as before for concision we expressed the results in terms of (3.16) . For = 0 we have:
As a check of the above expressions, we have compared the full crossing symmetric solution obtained by summing the cyclic amplitudes with the result obtained in [7] for τ = 2 and d = 4, finding agreement up to a choice of contact φ 4 term which was not fixed in [7] .
Relation with dual bootstrap functionals
Owing to the manifest crossing symmetry of cyclic exchange amplitude, the direct channel decomposition discussed so far turns out to be intimately related to the concept of dual functionals defined on the space of bootstrap vectors (see [19] for a review):
44)
where in particular one is considering the crossing relation associated to the exchange of legs 2 and 4 which in our conventions maps the s and u-channels into each other. In [20] it was clarified that a well-defined bootstrap functional has to satisfy key finiteness and swapping condition to give rise to well-defined sum rules. In particular, given a linear functional W on the space of bootstrap vectors (3.44), apart from the condition that its action on conformal blocks and four-point correlator should be finite, one should also require the following key convergence condition:
45)
with the second sum being absolutely convergent. Leaving the above conditions aside for a moment it is standard to define the following basis of the dual space to mean-field theory bootstrap vectors via: with respect to the sand u-channels implies the following sum rules:
which then gives the equality:
This identity states the equivalence between the coefficients in the conformal block decomposition of cyclic Polyakov blocks and the dual basis of functionals to the crossing vectors F τ min +2n, . Cyclic Polyakov blocks should therefore be considered as compact generating functions for dual functionals to the bootstrap vectors. Our prescription to uniquely fix cyclic Polyakov blocks therefore automatically translates into a prescription to define dual functionals to bootstrap vectors in general d.
B Continuous Hahn polynomials
In this appendix we review various properties of Continuous Hahn polynomials relevant for this work.
Continuous Hahn polynomials [21] Q Non-identical external legs. In the case of non-identical external legs the contact term ambiguity is defined directly at the level of color ordered (cyclic) amplitudes (1.15) . In this case, the polynomial ambiguity p (s, t) takes the following general form:
where f n (X, Y ) is a polynomial of degree n in the Mellin variables. The number of coefficients parameterising the contact term ambiguity is # = 1 8 2 ( + 2) + (−1) +1 + 1 .
(C.5)
D Leading non-analytic piece
In this appendix we give further details on the extraction of the universal non-analytic in spin contribution (3.16) to the anomalous dimension of double-twist operators. This contribution comes from the s-channel only and is generated by the double-trace poles at t = 2∆ + 2n in:
M (s, t) = ρ(s, t) 
